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Abstract
In this paper, we define the Wigner transform and the corresponding Weyl transform associated with the
Heisenberg group. We established some harmonic analysis results. Then we present that the Weyl transform
with the Sp-valued symbol in Lp (p ∈ [1,2]) is not only bounded but also compacted, while when 2 <p <
+∞, the Weyl transform is not a bounded operator.
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1. Introduction
The classical Weyl transform was first envisaged in [12] by Hermann Weyl arising in quan-
tum mechanics. The theory of Weyl transform is a vast subject of remarkable interest both in
mathematical analysis and physics. In the theory of partial differential equations Weyl operators
have been studied as a particular type of pseudo-differential operators. They have proved to be
a useful technique in a quantity of problems like elliptic theory, spectral asymptotics, regularity
problems, etc. [13].
As operators acting on L2(Rn), Weyl operators have been deeply investigated mainly in the
case where the symbol is a smooth function belonging to some special symbol classes. See for
instance, [1–3,8,10,11], etc.
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symbol is square integrable.
When the symbol function is in some space of pth integrable functions where p ∈ [1,2], the
boundedness of Weyl transform was obtained by M. W. Wong [13] (When the symbol function
is in L2 space, the L2 boundedness is proved by J.C.T. Pool, see [4].) While when p > 2, the
unboundedness of the Weyl transform was studied by B. Simon in [7]. All these results can be
found in [13], and the basic tool they used in the study of the Weyl transform is the Wigner
transform, which they called Fourier–Wigner transform in [13].
Weyl transforms under other background have also been studied. In [5], L.T. Rachdi and
K. Triméche defined the Fourier–Wigner transform associated with the spherical mean operator
R (related to the first kind of Bessel function) and consequently defined the Weyl transform
associated with the spherical mean operator, then studied their properties. In [14], L.Z. Peng and
J.M. Zhao studied the wavelet and Weyl transforms associated with the spherical mean operator.
The authors defined the admissible wavelets associated with the spherical mean operator and
Weyl transforms associated with this kind of admissible wavelets. They established the Weyl
transform Wσ is a bounded operator for σ in some space of pth integrable functions, where p ∈
[1,2]. They also proved that there exists a function σ in some space of pth integrable functions
with p > 2, such that the Weyl transform is not a bounded linear operator.
The Heisenberg group plays an important role in several branches of mathematics such as
representation theory, harmonic analysis, several complex variables, partial differential equations
and quantum mechanics. In this paper, we define the Wigner transform and the corresponding
Weyl transform associated with the Heisenberg group, and study some of their properties. We
present that the Weyl transform with Sp-valued symbol in Lp (p ∈ [1,2]) is not only bounded
but also compacted. While when p > 2, the Weyl transform is not a bounded linear opera-
tor.
2. Preliminaries
In this section, we recall some properties on the Heisenberg group which we will use in the
sequel, for more details, see [8,9], etc.
The Heisenberg group Hn with the group law given by:
(z, t)(z′, t ′) = (z + z′, t + t ′ + 2 Im(z · z′))= (z + z′, t + t ′ + 2(x′ · y − y′ · x)),
where z = x + iy, z′ = x′ + iy′ ∈ Cn, z · z′ = z1z′1 + · · · + znz′n.
Let dν(z, t) be the Lebesgue measure defined on Hn by dν(z, t) = dzdt . Then Lp(Hn, dν),
1 p +∞ is the space of measurable functions on Hn satisfying
‖f ‖p =
(∫
Hn
∣∣f (z, t)∣∣p dν(z, t)) 1p < +∞, 1 <p < +∞,
‖f ‖∞ = ess sup
(z,t)∈Hn
∣∣f (z, t)∣∣< +∞, p = +∞.
The inner product of L2(Hn, dν) is defined as follows:
(f, g)ν =
∫
n
f¯ (z, t)g(z, t) dν(z, t), f, g ∈ L2(Hn, dν).
H
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longs to lp . In particular, S1 is the ideal of trace class operators, S2 is the Hilbert space of
Hilbert–Schmidt operators on L2(Hn, dν) with the inner product (T ,S) = tr(T S∗). Each Sp is
a Banach space with the norm ‖T ‖pp = tr(T T ∗)p/2 when p is finite. When p = ∞, the norm is
taken to be the l∞ norm of the singular numbers. For more properties of this class of operators,
we refer to Reed–Simon [6].
Let dγ (λ) be the measure defined on R by dγ (λ) = ( 12π )n+1|λ|n dλ, and dν ⊗ dγ be the
measure defined on Hn × R, then Lp(Hn × R, Sp, dν ⊗ dγ ), 1 p +∞ is the space of Sp-
valued operators satisfying
‖f ‖p,ν⊗γ =
( ∫
Hn×R
∥∥f (z, t, λ)∥∥p
Sp
dν(z, t) dγ (λ)
) 1
p
< +∞, 1 p < +∞,
‖f ‖∞,ν⊗λ = ess sup
(z,t,λ)∈Hn×R
∥∥f (z, t, λ)∥∥
S∞ < +∞, p = +∞.
Definition 2.1. (See [8,9].) The Fourier transform of f ∈ L1(Hn, dν) is denoted by fˆ (λ) =∫
Hn
f (z, t)πλ(z, t) dν(z, t), where πλ(z, t) is the Schrödinger representation of Hn on the Hilbert
space H.
The inversion formula for the group Fourier transform is given by
f (z, t) =
∫
R
tr
(
π∗λ (z, t)fˆ (λ)
)
dγ (λ).
We have the following properties:
Property 1. The Heisenberg Fourier transform can be extended to an isomorphism from
L2(Hn, dν) onto L2(R, S2, dγ ), and ‖fˆ ‖2,γ = ‖f ‖2,ν holds, for f ∈ L2(Hn, dν).
Property 2. ‖fˆ ‖Lq(R,Sq ,dγ )  C‖f ‖Lp(Hn,dν), where p ∈ [1,2], 1p + 1q = 1.
Definition 2.2. The translation operator on L1(Hn, dν) is defined by
τ(z′,t ′)f (z, t) = f
(
(z′, t ′)−1(z, t)
)
.
By direct calculation, we get the following property.
Proposition 2.3. (τ(z,t)f )∧(λ) = πλ(z, t)fˆ (λ), f ∈ L1(Hn, dν).
By the definition of translation operator and the above proposition, we get
Proposition 2.4.∫
Hn
τ(z,t)f (z
′, t ′) dz′ dt ′ =
∫
Hn
f (z, t) dz dt,
∫
Hn
τ(z,t)f (z
′, t ′) dz dt =
∫
Hn
f (z, t) dz dt.
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Proposition 2.6. (τ(z,t)f, g) = (f, τ(z,t)−1g), where f,g ∈ L2(Hn, dν), (z, t) ∈ Hn.
Definition 2.7. The convolution product is defined by
f ∗ g(z, t) =
∫
Hn
f (z′, t ′)τ(z,t)g(z′, t ′) dν(z′, t ′),
∀(z, t) ∈ Hn, f,g ∈ L1(Hn, dν).
We have the following properties:
Property 3. If f,g ∈ L1(Hn, dν), then f ∗ g ∈ L1(Hn, dν), and (f ∗ g)∧(λ) = fˆ (λ)gˆ(λ).
Property 4. ‖f ∗ g‖r  ‖f ‖p‖g‖q , where 1r = 1p + 1q − 1, 1 p,q, r +∞, f ∈ Lp(Hn, dν),
g ∈ Lq(Hn, dν).
Properties 1–4 can be found in [8] or [9].
3. Weyl transform associated with the Heisenberg group
In this section, we will study the Weyl transforms associated with the Wigner transform. We
will prove that the Weyl transform, with the symbol in Lp(Hn × R, Sp, dν ⊗ dγ ), p ∈ [1,2], is
not only a bounded operator, but also a compacted operator. While when 2 <p < +∞, the Weyl
transform is not bounded.
First, we define the Wigner transform associated with the Heisenberg group and give some
properties.
Definition 3.1. For f,g ∈ S(Hn), (z, t, λ) ∈ Hn × R, the Wigner transform associated with the
Heisenberg group is defined to be
V (f,g)(z, t, λ) =
∫
Hn
f (z′, t ′)τ(z′,t ′)g(z, t)πλ(z′, t ′) dν(z′, t ′).
Remark. The transform V can also be written in the form
V (f,g)(z, t, λ) = (f · τ·g(z, t))∧(λ). (3.1)
By direct calculation, we can get some important properties as follows.
Proposition 3.2 (Moyal formula). For f1, g1, f2, g2 ∈ S(Hn, dν), we have(
V (f1, g1),V (f2, g2)
)
ν⊗γ = (f1, f2)(g1, g2).
Corollary 3.3. V :S(Hn) × S(Hn) → L2(Hn × R, S2, dν ⊗ dγ ) can be extended uniquely to a
bilinear operator:
V :L2
(
H
n, dν
)×L2(Hn, dν)→ L2(Hn × R, S2, dν ⊗ dγ ), such that∥∥V (f,g)∥∥2,ν⊗γ  ‖f ‖2,ν‖g‖2,ν .
82 L. Peng, J. Zhao / Bull. Sci. math. 132 (2008) 78–86Proposition 3.4. For f ∈ Lp(Hn, dν), g ∈ Lp′(Hn, dν), we have
∥∥V (f,g)∥∥
p′,ν⊗γ  ‖f ‖p,ν‖g‖p′,ν ,
1
p
+ 1
p′
= 1, p ∈ [1,2].
Proposition 3.5. Let f,g ∈ L2(Hn, dν), then
V (f,g) ∈ Lp(Hn × R, Sp, dν ⊗ dγ ), p ∈ [2,+∞].
Theorem 3.6. Let f,g ∈ L1(Hn, dν) ∩ L2(Hn, dν), and C = ∫
Hn
g(z, t) dν(z, t) = 0, then for
arbitrary λ ∈ R,
fˆ (λ) = 1
C
∫
Hn
V (f, g)(z, t, λ) dν(z, t).
Corollary 3.7. With the hypothesis of Theorem 3.6, if fˆ (λ) ∈ L1(R, S1, dγ ), we have the follow-
ing formula:
f (z, t) = C−1
∫
R
tr
(
π∗λ (z, t)
∫
Hn
V (f, g)(z′, t ′, λ) dz′ dt ′
)
dγ (λ).
Now we study the Weyl transforms associated with the Wigner transform.
Definition 3.8. Let σ ∈ Lp(Hn × R, Sp, dν ⊗ dγ ), the Weyl transform is defined by
(g¯,Wσf )2,ν =
∫
Hn
Wσf (z, t)g(z, t) dν(z, t)
=
∫
Hn
∫
R
tr
(
σ ∗(z, t, λ)V (f,g)(z, t, λ)
)
dγ (λ)dν(z, t),
where f,g ∈ S(Hn).
From this definition, we can deduce the following proposition.
Proposition 3.9. Let σ ∈ S(Hn × R), and f ∈ S(Hn), we have
Wσf (z, t) =
∫
Hn
K(z, t, z′, t ′)f (z′, t ′) dν(z′, t ′),
where
K(z, t, z′, t ′) =
∫
R
tr
(
σ ∗
(
(z′, t ′)(z, t), λ
)
πλ(z
′, t ′)
)
dγ (λ), (z, t), (z′, t ′) ∈ Hn.
Theorem 3.10. Let σ ∈ L1(Hn × R, S1, dν ⊗ dγ ), the operator Wσ from L2(Hn, dν) into itself
belongs to S1, therefore Wσ is bounded.
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‖Wσ‖S1 =
∫
Hn
∣∣K(z, t, z, t)∣∣dzdt
 C
∫
Hn
∫
R
tr
(∣∣∣∣σ ∗(z, t, λ)πλ
(
z
2
,
t
2
)∣∣∣∣
)
dγ (λ)dν(z, t)
 C
∫
Hn
∫
R
tr
(∣∣σ ∗(z, t, λ)∣∣)dγ (λ)dν(z, t) = C‖σ‖1,ν⊗γ
thus, Wσ ∈ S1, therefore it is bounded. 
Theorem 3.11. For σ ∈ L2(Hn × R, S2, dν ⊗ dγ ), the Weyl transform Wσ ∈ S2.
Proof.
‖Wσ‖2S2 =
∫
Hn
∫
Hn
∣∣K(z, t, z′, t ′)∣∣dν(z, t) dν(z′, t ′)
=
∫
Hn
∫
Hn
∣∣∣∣
∫
R
tr
(
σ ∗
(
(z′, t ′)(z, t), λ
)
π∗λ
(
(z′, t ′)−1
))
dγ (λ)
∣∣∣∣
2
dν(z, t) dν(z′, t ′)
=
∫
Hn
∫
Hn
∣∣∣∣
∫
R
tr
(
π∗λ (z′, t ′)σ
(
(z′, t ′)(z, t), λ
))
dγ (λ)
∣∣∣∣
2
dν(z, t) dν(z′, t ′)
=
∫
Hn
∫
Hn
∣∣I ⊗ F−1(σ )((z′, t ′)(z, t), ·)(z′, t ′)∣∣2 dν(z, t) dν(z′, t ′)
=
∫
Hn
∫
R
∥∥σ ((z′, t ′)(z, t), λ)∥∥2
HS
dγ (λ)dν(z, t) = ‖σ‖22,ν⊗γ
thus Wσ ∈ S2. 
By Riesz–Thorin theorem, we get the following theorem.
Theorem 3.12. Let σ ∈ Lp(Hn × R, Sp, dν ⊗ dγ ), p ∈ [1,2], then Wσ :L2(Hn, dν) →
L2(Hn, dν) is a compact operator.
Now let us prove that the Weyl transform with the symbol in Lp(Hn ×R, Sp, dν ⊗ dγ ) is not
bounded, where 2 <p < +∞.
Theorem 3.13. For 2 < p < +∞, there exits an operator-valued function σ in Lp(Hn × R,
Sp, dν ⊗ dγ ) such that Wσ is not a bounded linear operator on L2(Hn, dν).
Using the following lemmas we can deduce this theorem.
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Wσ is a bounded linear operator on L2(Hn, dν), then there exists a positive constant C such that
for all σ ∈ Lp(Hn × R, dν ⊗ dγ ), p ∈ (2,+∞),
‖Wσ‖ C‖σ‖p. (3.2)
Proof. Suppose that for all σ ∈ Lp(Hn × R, Sp, dν ⊗ dγ ), p ∈ (2,+∞) there exists a positive
constant Cσ such that for all f ∈ L2(Hn, dν), ‖Wσf ‖2  Cσ ||f ||2.
Consider the following functional operator: Qf,g :Lp(Hn × R, dν ⊗ dγ ) → C defined by
Qf,g(σ ) = (g¯,Wσf ), where f,g ∈ L2(Hn, dν) such that ‖f ‖2 = ‖g‖2 = 1, then,
sup
∣∣Qf,g(σ )∣∣ Cσ‖σ‖p, σ ∈ Lp(Hn × R, dν ⊗ dγ ),
where the supremum is taken over all functions f,g satisfying the previous conditions. By
Banach–Steinhauss Theorem, there exists a positive constant C such that sup‖σ‖p=1 |Qf,g| C,
i.e. sup‖σ‖p=1 |(g¯,Wσf )|C.
So,∣∣(g¯,Wσf )∣∣C‖σ‖p‖f ‖2‖g‖2,
for all σ ∈ Lp(Hn × R, dν ⊗ dγ ), and f,g ∈ L2(Hn, dν). Thus we can complete the proof. 
Lemma 3.15. For 2 <p < ∞, there is no positive constant C such that (3.2) holds.
Proof. Suppose that there exists a positive constant C such that (3.2) holds, then,
∥∥V (f,g)∥∥
p′,ν⊗γ = sup‖σ‖p,ν⊗γ =1
∣∣∣∣
∫
Hn
∫
R
tr
(
σ ∗(z, t, λ)V (f,g)(z, t, λ)
)
dν(z, v) dγ (γ )
∣∣∣∣
= sup
‖σ‖p,ν⊗γ =1
∣∣(g¯,Wσf )∣∣ sup
‖σ‖p,ν⊗γ =1
‖Wσf ‖2‖g‖2  C‖f ‖2‖g‖2
for all f,g ∈ L2(Hn, dν), 1
p′ + 1p = 1, i.e.∥∥V (f,g)∥∥
p′,ν⊗γ  C‖f ‖2‖g‖2, f, g ∈ L2
(
H
n, dν
)
. (3.3)
Let f be an even, measurable function on Hn, supported in {(z, t): |xj |  1, |yj |  1,
|t |  1, j = 1, . . . , n}, then we can deduce that for all λ ∈ R, V (f,f )(z, t, λ) has its support
in Γ = {(z, t): |xj | 2, |yj | 2, |t | 3, j = 1, . . . , n}.
Since(∫
R
∥∥∥∥
∫
Hn
V (f,f )(z, t, λ) dν(z, t)
∥∥∥∥
p′
Sp′
dγ (λ)
) 1
p′
=
(∫
R
(
sup
‖σ‖p,γ =1
∣∣∣∣tr
(
σ ∗(λ)
∫
Hn
V (f,f )(z, t, λ) dν(z, t)
)∣∣∣∣
)p′
dγ (λ)
) 1
p′

(∫ (∫
n
sup
‖σ‖p,ν⊗γ=1
∣∣tr(σ ∗(z, t, λ)V (f,f )(z, t, λ))∣∣dν(z, t))p′ dγ (λ)) 1p′
R H
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∫
Hn
(∫
R
∥∥V (f,f )(z, t, λ)∥∥p′
Sp′
dγ (λ)
) 1
p′
dν(z, t) (Minkowski)

( ∫
(z,t)∈Γ
dν(z, t)
) 1
p
( ∫
(z,t)∈Γ
∫
R
∥∥V (f,f )(z, t, λ)∥∥p′
Sp′
dν(z, t) dγ (λ)
) 1
p′
< +∞
so (∫
R
∥∥∥∥
∫
Hn
V (f,f )(z, t, λ) dν(z, t)
∥∥∥∥
p′
Sp′
dγ (λ)
) 1
p′
< +∞. (3.4)
On the other hand, by Theorem 3.6, we have∫
R
‖fˆ ‖p′Sp′ dγ (λ) =
1
|C|
∫
R
∥∥∥∥
∫
Hn
V (f,f )(z, t, λ) dν(z, t)
∥∥∥∥
p′
Sp′
dγ (λ)
 1|C|
∫
R
‖fˆ ‖p′S∞ dγ (λ)
1
|C|
∫
R
‖fˆ E0‖p′ dγ (λ)
 1|C|
∫
R
∣∣〈fˆ (λ)E0,E0〉∣∣p′ dγ (λ),
where {Eα}α∈(Z+)n is an orthonormal basis of a Hilbert space H, such that if λ > 0,〈
πλ(z, t)Eα,Eβ
〉
H
=
(
(α ∧ β)!
(α ∨ β)!
) 1
2
e−iλte−λ|z|2(2λ)
|α−β|
2 (−z)(α−β)+(z¯)(α−β)−L(‖α−β‖)α∧β
(
2λ‖z‖2),〈
πλ(z, t)Eα,Eβ
〉
H =
〈
π−λ(−z¯,−t)Eα,Eβ
〉
H, λ < 0,
α,β ∈ (Z+)n, z ∈ Cn, αj ∨ βj = max(αj ,βj ), αj ∧ βj = min(αj ,βj ), j = 1, . . . , n, and
α ∨ β = ((α1 ∨ β1), . . . , (αn ∨ βn)), α ∧ β = ((α1 ∧ β1), . . . , (αn ∧ βn)), (α − β)+ = ((α1 −
β1)+, . . . , (αn − βn)+), (α − β)− = ((α1 − β1)−, . . . , (αn − βn)−), |α − β| = ∑nj=1 |αj −
βj |,‖α − β‖ = (|α1 − β1|, . . . , |αn − βn|), α! = α1! · · ·αn!, zα = zα11 · · · zαnn , |z|2 =
∑n
j=1 |zj |2,
‖z‖2 = (|z1|2, . . . , |zn|2).
Thus
〈fˆ E0,E0〉 =
∫
Hn
f (z, t)
〈
πλ(z, t)E0,E0
〉
dν(z, t) =
∫
Hn
f (z, t)ei|λ|te−|λ||z|2 dν(z, t).
Now let f (z, t) = |t |α∏nj=1 |xj |α∏nj=1 |yj |αχA(z, t), where A = {(z, t): |xj |  1, |yj |  1,
|t | 1, j = 1, . . . , n}, then when α > − 12 , we have f (z, t) ∈ L2(Hn, dν).
〈fˆ E0,E0〉 =
∫
A
f (z, t)e−i|λ|te−|λ||z|2 dν(z, t)
= 22n+1
λ∫
tα cos t dt
( λ∫
x
α−1
2 e−x dx
)2n
λ−(α+1+n(α+1)), λ > 0.0 0
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+∞∫
0
tα cos t dt = (α) cos
(
π
2
α
)
,
+∞∫
0
x
α−1
2 e−x dx = 
(
α + 1
2
)
,
so there exists some positive number λ0,M0, such that when λ > λ0, we have |
∫ λ
0 t
α cos t dt |
M0,
∫ λ
0 x
α−1
2 e−x dx M0. Thus when λ > λ0,
∫
R
∣∣〈fˆ E0,E0〉∣∣dγ (λ)Mp′0
+∞∫
λ0
λ−(α+1+n(α+1))p′λndλ = +∞,
if α ∈ (− 12 ,− 1p ].
This means that if α ∈ (− 12 ,− 1p ], (3.4) is false, i.e.∫
R
∥∥∥∥
∫
Hn
V (f,f )(z, t, λ) dν(z, t)
∥∥∥∥
p′
Sp′
dγ (λ) = +∞.
The proof is completed. 
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